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Abstract.
We present a new approach for the Cauchy-characteristic extraction of
gravitational radiation strain, news function, and the flux of the energy-momentum,
supermomentum and angular momentum associated with the Bondi-Metzner-
Sachs asymptotic symmetries. In Cauchy-characteristic extraction, a characteristic
evolution code takes numerical data on an inner worldtube supplied by a Cauchy
evolution code, and propagates it outwards to obtain the space-time metric in a
neighborhood of null infinity. The metric is first determined in a scrambled form in
terms of coordinates determined by the Cauchy formalism. In prior treatments,
the waveform is first extracted from this metric and then transformed into an
asymptotic inertial coordinate system. This procedure provides the physically
proper description of the waveform and the radiated energy but it does not
generalize to determine the flux of angular momentum or supermomentum. Here
we formulate and implement a new approach which transforms the full metric into
an asymptotic inertial frame and provides a uniform treatment of all the radiation
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fluxes associated with the asymptotic symmetries. Computations are performed
and calibrated using the Spectral Einstein Code (SpEC).
PACS numbers: 04.20Ex, 04.25Dm, 04.25Nx, 04.70Bw
1. Introduction
The strong gravitational radiation produced in the inspiral and merger of binary
black holes has been a dominant motivation for the construction of gravitational wave
observatories. This effort has recently been brought to fruition by the observation
of a binary inspiral and merger by the LIGO gravitational wave detectors [1].
The details of the gravitational waveform supplied by numerical simulation is a
key theoretical tool to fully complement the sensitivity of the LIGO and Virgo
observatories [2, 3, 4, 5], by enhancing the detection and the scientific interpretation
of the gravitational signal. Besides the gravitational waveform, the flux of energy-
momentum carried off by the waves has important astrophysical effects on the binary
system. In particular, the recoil “kick” on the binary due the radiative loss of
momentum can possibly eject the final black hole from a galactic center. The strength
of such kicks has been computed by various means [6, 7, 8, 9, 10, 11]. The most
unambiguous and accurate approach is in terms of the Bondi news function [12],
which supplies the gravitational energy and momentum flux at future null infinity
I +.
This can be carried out via Cauchy-characteristic extraction (CCE), in which the
Cauchy evolution is used to supply the boundary data on a timelike inner worldtube,
which then allows a characteristic evolution extending to I + where the radiation is
computed using the geometric methods developed by Bondi et al. [12], Sachs [13] and
Penrose [14]. For a review, see [15]. A version of this initial-boundary value problem
based upon a timelike worldtube [16] has been implemented as a characteristic
evolution code, the PITT null code [17, 18, 19, 20], and more recently as the SpEC
characteristic code [21, 22], both of which incorporate a Penrose compactification
of the exterior space-time extending to I +. In this way, characteristic evolution
coupled to Cauchy evolution has been implemented to give an accurate numerical
computation of the Bondi news function, which determines both the waveform and
the radiated energy-momentum.
One technical complication introduced by CCE is that the coordinates induced
on I + are related to the Cauchy coordinates on the inner worldtube. Consequently,
these computational coordinates do not correspond to inertial observers at I +, i.e.
to the coordinates intrinsic to a distant freely falling and non-rotating observatory.
Thus, the gravitational waveform first obtained in the “computational coordinates”
of CCE is in a scrambled form. Because the news function is an invariant
irrespective of coordinate system, the procedure up to now has been to compute
it first in the computational coordinates.‡ It is then unscrambled by constructing
the transformation between code coordinates and inertial coordinates on I +, as
portrayed in Fig. 1. Likewise, a physically relevant calculation of the radiation
waveform must also be referred to such inertial coordinates on I +.
In addition to energy-momentum loss, the gravitational radiation of angular
momentum has important consequences for the evolution of a relativistic binary
system. For a historic account of attempts at a universally accepted definition
of angular momentum for radiating systems in general relativity see [24]. At
spatial infinity, reasonable asymptotic conditions establish the Poincare´ group as the
asymptotic symmetry group. This allows a Poincare´ covariant definition of angular
momentum in which the translation freedom mixes angular momentum with linear
momentum in the standard manner [25]. However, the Bondi-Metzner-Sachs (BMS)
asymptotic symmetry group [26] at I + has an infinite supertranslation subgroup.
‡ More accurately, the news tensor Nab is a gauge invariant field on I + [23]. The news function
N = 14Nabq
aqb depends upon a choice of complex polarization dyad qa, which has gauge freedom.
But this freedom can be trivially unwrapped by the construction Nab = Nq¯aq¯b + N¯qaqb.
Fortunately, the translations form an invariant subgroup of the BMS group, which
leads to an unambiguous definition of energy-momentum. However, although the
Lorentz group is a subgroup of the BMS group, the supertranslations lead to a
mixing of the associated supermomentum with angular momentum, the physical
consequences of which have not been fully explored. For a stationary epoch in
the neighborhood of I +, this supertranslation freedom can be removed and the
BMS group reduced to the Poincare´ group, in which case angular momentum can
be well-defined. However, for a system which makes a stationary to stationary
transition, the two Poincare´ groups obtained at early and late times can be shifted
by a supertranslation. Such supertranslation shifts could lead to a distinctly general
relativistic mechanism for a system to lose angular momentum. See [27, 28, 29] for
discussions. This in fact occurs if the intervening gravitational radiation produces a
non-zero gravitational memory effect. A non-zero gravitational radiation memory
is equivalent to such a supertranslation shift [30]. In this paper, we develop a
unified algorithm for the computation of the gravitational fluxes of energy-momentum,
angular momentum and supermomentum to infinity.
There are two distinct approaches for obtaining flux-conserved quantities which
form a representation of the BMS asymptotic symmetry group. One approach
consists of the BMS linkage integrals Lξ(Σ) [16, 31, 29], which for each spherical
cross-section Σ of I + generalize the Komar integrals [32] for exact symmetries to
the case of asymptotic Killing vectors ξa. Associated with the linkage integrals
are locally defined fluxes LFξ whose integral determines the change Lξ(Σ2)-Lξ(Σ1)
between two cross-sections. The second approach, originated by Ashetkar and
Streubel, is based upon the Hamiltonian phase space of gravitational radiation
modes at I + [33]. The Hamiltonian densities generating a BMS transformation also
geometrically define local fluxes HFξ. In the case of the supertranslations α
a, Ashetkar
and Streubel showed that these Hamiltonian fluxes could be integrated to obtain
flux conserved charges Qα(Σ). In the case of the BMS time and space translations,
ξa = τa, the corresponding linkage and Hamiltonian energy-momentum integrals
and their fluxes are identical, i.e. Lτ (Σ) = Qτ (Σ) and
LFτ =
HFτ . However, their
supermomentum fluxes differ locally. Subsequently, Wald and Zoupas [34] generalized
the Hamiltonian approach and obtained flux conserved quantities for all the Ashetkar-
Streubel Hamiltonian fluxes, including angular momentum. They showed that these
flux conserved quantities, including angular momentum, were identical to previous
expressions proposed by Dray and Streubel [35].
The relation between the linkage and Hamiltonian BMS fluxes has been examined
in [36]. Although their construction and their local values are completely different, it
has been shown that the integrals of all the linkage and Hamiltonian fluxes between
cross-sections of I + agree, including the angular momentum and supermomentum
fluxes, in the most physically relevant case when Σ2 and Σ1 are shear-free cross-
sections in the limits of infinite future and past retarded time, respectively. Although,
for the rotations and boosts a factor-of-two anomaly in the linkages must be taken
into account, i.e.
∫
Σ
LFξdS = 2
∫
Σ
HFξdS .
There have been other approaches to defining energy-momentum and angular
momentum at I + which do not appeal to the BMS symmetries. Some [35, 37]
have been based upon an asymptotic version of Penrose’s construction of quasi–local
energy-momentum and angular momentum using twistor theory [38]. Another has
been based upon the modification of the BMS group to a quasigroup of asymptotic
symmetries [39]. Other important work on the computation of the physical properties
of radiation at I + has been presented in [40, 41, 42, 43].
Here, we concentrate on the linkage approach because it is readily adapted to
previous computational infrastructure treating I +. However, the computational
methods presented here should also be useful in computing the Hamiltonian charges
and fluxes, as formulated by Wald and Zoupas, which have all the desired physical
properties. Although the linkage approach is geometrically well defined, its main
physical shortcoming is that the associated supermomentum fluxes do not locally
vanish in Minkowksi space, although their integrals between cross-sections of I +
determined by two Minkowski space light cones do vanish. As a result, the local
physical significance of these supermomentum fluxes is unclear, although the local
time rate of change of all the linkage fluxes LF˙ξ do vanish in Minkowski space.
Furthermore, as shown in Sec. 5, in a general radiating spacetime LF˙ξ = 0 for
all BMS generators in any region where the Newman-Penrose radiative component
of the Weyl tensor ψ04 vanishes. In particular,
LF˙ξ → 0 for all BMS symmetries
in the infinite retarded time past on I +. It is precisely in this limit that the
supertranslation freedom can also be eliminated and a preferred Poincare´ subgroup
can be identified [27]. As a result, the energy-momentum and angular momentum
fluxes LFξ can be uniquely defined by a retarded time integration of
LF˙ξ, using
the initial value LFξ = 0 at u = −∞. Similarly, the energy momentum and
angular momentum can also be uniquely defined for such systems by a retarded
time integration of LFξ, using their initial values at u = −∞, or at spatial infinity.
However, there remains the possibility of carrying out a similar construction at I +
in the infinite retarded time future u = +∞. This leads to the same unresolved issue
discussed above for a stationary to stationary transition, i.e. to a net supertranslation
shift between the future and past Poincare´ groups. The identical supertranslation
ambiguity exists in the Hamiltonian description of angular momentum.
As already discussed, in previous applications of CCE to compute energy-
momentum loss, the Bondi news function was first computed from the radiation
field in the computational coordinates by a gauge invariant method. The news
and radiation waveform were then transformed to inertial coordinates on I +. In
that approach, it was only necessary to find the 3-dimensional transformation to
inertial coordinates intrinsic to I + itself. This procedure is possible because
the news function can be defined geometrically, without reference to the BMS
symmetries. However, this procedure is not feasible in computing the angular
momentum and supermomentum fluxes. Here, we present a unified approach
to computing all the BMS fluxes of energy-momentum, angular momentum and
supermomentum to infinity by carrying out the transformation to inertial coordinates
in a full 4-dimensional neighborhood of I +. We are able to accomplish this by
constructing a surprisingly simple transformation between the computational and
inertial coordinates. The metric is then transformed to the inertial coordinates,
in which the BMS symmetries are readily identified and the corresponding fluxes
computed. We formulate a simple computational algorithm for carrying out this
transformation.
In this procedure, there remains the freedom of the BMS group in the choice of
inertial observers. In special relativistic theories, the corresponding freedom reduces
to the translations and Lorentz transformations of the Poincare´ group. The BMS
supertranslations introduce a gauge freedom in the radiation strain.
2. Waveforms at I +
The characteristic formalism is based upon a family of outgoing null hypersurfaces
emanating from an inner worldtube and extending to infinity, where they foliate I +
Figure 1: Cauchy characteristic extraction. A Cauchy evolution of the Einstein field
equation proceeds on a space-like foliation (green). A finite topologically spherical
worldtube Γ at areal radius rwt forms the inner boundary to a characteristic evolution on
a null foliation (red). Based on a spherical coordinate system xA constructed from Cauchy
coordinates on the worldtube, gravitational information is propagated to compactified future
null infinityI +. AtI +, an inertial coordinate system x˜A is co-evolved, in which the desired
physical waveform can be expressed.
into spherical slices. Let u label these null hypersurfaces, xA (A = 2, 3) be angular
coordinates which label the null rays and r be a surface area coordinate. Using the
notion of [16], in the resulting (u, r, xA) coordinates, the metric takes the Bondi-Sachs
form
ds2 = −
(
e2β
V
r
− r2hABUAUB
)
du2 − 2e2βdudr − 2r2hABUBdudxA
+ r2hABdx
AdxB, (2.1)
where hABhBC = δ
A
C and det(hAB) = det(qAB), with qAB a unit sphere metric.
As described in more detail in [16, 44], in this formalism Einstein’s equations
decompose into a system which propagate boundary data for the metric variables
(β, V, UA, hAB) on an inner worldtube to a solution atI +. In the Pitt null code and in
the SpEC characteristic code, this solution is computed in a Penrose compactification
of I +, e.g. in terms of the coordinates xµ = (u, `, xA), where ` = 1/r, ` = 0 at I +.
Then the conformal metric gˆµν = `
2gµν is smooth at I + and takes the form
gˆµνdx
µdxν = − (`3e2βV − hABUAUB) du2 +2e2βdud`−2hABUBdudxA+hABdxAdxB .
(2.2)
General conditions on the asymptotic behavior of the metric variables follow from
the vacuum Einstein equations [16],
β = H +O(`2) , (2.3)
UA = LA + 2`e2HHABDBH +O(`
2) , (2.4)
`2V = DAL
A + `(e2HR/2 +DADAe2H) +O(`2) , (2.5)
and
hAB = HAB + `cAB +O(`
2) , (2.6)
where R and DA are the 2-dimensional curvature scalar and covariant derivative
associated with HAB and the determinant condition implies
HABcAB = 0 . (2.7)
The expansion coefficients H, HAB, cAB and L
A (all functions of u and xA) completely
determine the radiation field.
One can further specialize the Bondi coordinates to be inertial at I +, i.e. have
asymptotic Minkowski form, in which case H = LA = 0, HAB|I+ = qAB (the
unit sphere metric) so that the radiation field is completely determined by cAB,
which describes the asymptotic shear of the outgoing null cones or, equivalently,
the radiation strain. In these inertial coordinates, the retarded time derivative ∂ucAB
determines the Bondi news function N(u, xA). However, the characteristic extraction
of the waveform is carried out in computational coordinates derived from the Cauchy
coordinates on the inner worldtube, so this inertial simplification cannot be assumed.
In previous work the Bondi news function N was first computed in the
computational gˆµν frame. It was then transformed to inertial coordinates (u˜, x˜
A)
on I + to determine the physical dependence of the waveform on retarded time and
angle. Here we construct the transformation to a compactified version of inertial
coordinates (u˜, ˜`, x˜A) in a full neighborhood of I +.
3. Construction of inertial coordinates
First, we recall some basic elements of Penrose compactification. In a spacetime
with metric gµν , the vacuum Einstein equations Gµν = 0 expressed in terms of a
conformally related metric gˆµν = Ω
2gµν , where Ω = 0 on I +, take the form
Ω2Gˆµν + 2Ω∇ˆµ∇ˆνΩ− gˆµν
(
2Ω∇ˆρ∇ˆρΩ− 3(∇ˆρΩ∇ˆρΩ)
)
= 0 . (3.1)
It immediately follows that
(∇ˆρΩ)∇ˆρΩ|I+ = 0 , (3.2)
so that I + is a null hypersurface and that
[∇ˆµ∇ˆνΩ− 1
4
gˆµν∇ˆρ∇ˆρΩ]|I+ = 0 . (3.3)
With respect to this general frame, we now choose Ω = ` and computational
coordinates (u, `, xA), as in Sec. 2, and proceed to construct an inertial conformal
frame as follows. We introduce a new conformal factor Ω˜ = ωΩ = ω`, with
g˜µν = ω
2gˆµν such that
∇˜ρ∇˜ρΩ˜|I+ = 0 , (3.4)
by requiring
[2nˆσ∂σω + ω∇ˆσnˆσ]|I+ = 0 , nˆσ = gˆρσ∇ρ` . (3.5)
It then follows that
∇˜µ∇˜νΩ˜|I+ = 0 , ∇˜ρ∇˜ρΩ˜|I+ = 0 , (3.6)
i.e. in the g˜µν conformal frame I + is null, shear-free and divergence-free. It also
follows that
n˜σ∇˜σn˜ν |I+ = 0 , n˜σ = g˜ρσ∇˜ρΩ˜ , (3.7)
i.e. in the g˜µν frame n˜
σ is an affinely parametrized null generator of I +.
We now construct inertial conformal coordinates (u˜, x˜A) onI +, by first assigning
angular coordinates x˜A to each point of some initial spacelike spherical slice u˜ = u0
of I +. We then propagate these coordinates along the null geodesics generating I +
according to
n˜ρ∂ρx˜
A|I+ = ω−1nˆρ∂ρx˜A|I+ = 0 . (3.8)
In addition, we require
n˜ρ∂ρu˜|I+ = ω−1nˆρ∂ρu˜|I+ = 1 , (3.9)
so that u˜ is an affine parameter along the generators in the g˜µν conformal frame.
This determines the transformation from the computational coordinates xµ =
(u, `, xA) to inertial coordinates (u˜(u, xB), x˜A(u, xB)) on I +, which allows the news
function and the extracted waveform to be re-expressed in the physically relevant
coordinates of a detector. However, this is not sufficient to identify the BMS
symmetries and their associated fluxes. The remaining complication is that after
transforming to inertial coordinates the metric on the spherical cross-sections of I +,
HA˜B˜ = gˆA˜B˜|I+ =
∂xµ
∂x˜A
∂xν
∂x˜B
gˆµν |I+ , (3.10)
does not reduce to a unit sphere metric. As a result, the identification of the
translations as a subgroup of the supertranslation group is complicated; essentially
one must solve an elliptic equation to identify the curved 2-space version of the ` = 0
and ` = 1 spherical harmonics on the spherical cross-sections.
For this purpose, it is simplest to proceed by determining the conformal factor
ω relating HA˜B˜ to a unit-sphere metric QA˜B˜,
QA˜B˜ = ω
2HA˜B˜ . (3.11)
We determine ω by solving the elliptic equation governing the conformal
transformation of the curvature scalar to the unit sphere curvature,
R = 2(ω2 +DADA logω) , (3.12)
where R and DA are the curvature scalar and covariant derivative associated with the
2-metric HAB. Since this is a scalar equation it can be solved in the computational
coordinates.
The elliptic equation (3.12) need only be solved at the initial time. Then,
the shear-free property of the null geodesics generating I + implies that ω may be
propagated along the generators by means of (3.6), which takes the explicit form
2nˆα∂α logω = −e−2HDALA . (3.13)
After initialization of ω so that the initial slice of I + has unit sphere geometry, it
then follows that all cross-sections of I + have unit sphere geometry. In terms of
standard spherical coordinates x˜A = (θ˜, φ˜), the induced metric on the cross-sections
of I + has components
g˜A˜B˜(u˜, x˜
A)|I+ = QA˜B˜ , g˜A˜B˜(u˜, x˜A)|I+ = QA˜B˜ , (3.14)
where, in these coordinates,
QA˜B˜dx˜
Adx˜B = dθ˜2 + sin2 θ˜dφ˜2 . (3.15)
Given such inertial coordinates on I +, we then extend them to coordinates
x˜µ = (u˜, ˜`, x˜A) in a neighborhood of I +, where
˜`= ω(u, xA)` = Ω˜ . (3.16)
The Jacobian of the transformation from computational to inertial coordinates has
the simple property
∂`u˜ = ∂`x˜
A = 0 , ∂` ˜`= ω . (3.17)
As a result it immediately follows that at I + the metric reduces to the simple form
g˜A˜B˜(u˜, x˜
A)|I+ = QA˜B˜ , g˜A˜B˜(u˜, x˜A)|I+ = QA˜B˜ , (3.18)
g˜u˜u˜(u˜, x˜
A)|I+ = g˜u˜A˜(u˜, x˜A)|I+ = g˜ ˜``˜ (u˜, x˜A)|I+ = g˜ ˜`A˜(u˜, x˜A)|I+ = 0 . (3.19)
This transformation to inertial coordinates also determines the metric in a
neighborhood of I +, which simplifies the identification of the BMS group and the
computation of the radiation strain and BMS fluxes.
4. The BMS group
In the inertial coordinates and conformal frame constructed in Sec. 3, the asymptotic
Killing vectors composing the BMS group can be described by by [13, 16]
ξρ˜∂ρ˜|I+ =
(
α(x˜A) +
1
2
u˜f A˜
:A˜
)
∂u˜ + f
A˜∂A˜ , (4.1)
where a “colon” denotes the covariant derivative with respect to the unit sphere metric
QA˜B˜, α(x˜
A) represents the supertranslation freedom and f A˜(x˜B) is a conformal Killing
vector on the unit sphere,
f (A˜:B˜) =
1
2
QA˜B˜f C˜
:C˜
. (4.2)
This conformal group is isomorphic to the Lorentz group.
The additional property that ξµ is tangent to I +,
ξ
˜`|I+ = ξρ∂ρΩ˜|I+ = 0 , (4.3)
implies that ξµ satisfies the asymptotic Killing equation in the physical space
geometry,
Ω˜−2∇(µξν)|I+ = [∇˜(µ˜ξν˜) − Ω˜−1g˜µ˜ν˜ξρ˜∇˜ρ˜Ω˜]|I+ = 0 . (4.4)
The supertranslations form an invariant subgroup of the BMS group for
which f A˜ = 0. The translations are an invariant 4-parameter subgroup of the
supertranslations for which α(x˜A) is composed of ` = 0 and ` = 1 spherical harmonics.
The rotation subgroup intrinsic to a cross-section Σ+ of I + consists of the BMS
transformations which map Σ+ onto itself. Without introducing any artificially
preferred structure on I +, there is no invariant way to extract a rotation group,
Lorentz group or Poincare´ group from the BMS group.
Given a cross-section Σ+ of I + and a generator ξµ of the BMS group, the linkage
integral Lξ(Σ
+) which generalizes the Komar integral for an exact symmetry is given
in terms of the physical space geometry by
Lξ(Σ
+) = lim
Σ→Σ+
∮
Σ
(∇[µξµ] −K [µN ν]∇ρξρ)dSµν , (4.5)
where Kµ and Nµ are, respectively, ingoing and outgoing null vectors normal to Σ,
normalized by KµNµ = −1. The limit is taken along the outgoing null hypersurface
N emanating from Σ to Σ+, as shown in Fig. 2. The value of this limit depends upon
how the BMS generator is extended off I +. The asymptotic symmetry condition
J
+
G
S
E
S+N Μ
ti
t f
C
K Μ
Figure 2: Diagram of the computational domain under Penrose compactification, with
angle θ˜ suppressed. The Cauchy evolution C runs from time ti to tf within the worldtube
Γ. The characteristic evolution E is performed on null hypersurfaces extending from Γ to
future null infinity I +. Cross-sections Σ of a null hypersurface (topologically a 2-sphere)
approach the limit Σ+ at I +, where the linkage integral is defined. Ingoing (Kµ) and
outgoing (Nµ) null vectors are normal to Σ. Gauge independent news, strain, ψ04 and flux
are computed in inertial coordinates at I +.
(4.4) allows the freedom in this extension of the form
ξµ → ξµ + Ω˜2vµ . (4.6)
In the original formulation of the linkages [16], vµ was determined by a null
hypersurface propagation law on N ,
(∇(µξν) − 1
2
gµν∇ρξρ)Kµ = 0 . (4.7)
In [29], other choices of propagation law were considered. In the next section. we
adopt a simple extension in which the generators ξµ only depend linearly on the
inertial conformal factor ˜`.
5. The BMS fluxes
Our focus is on the radiation flux Fξ across I + which governs the change of linkage
between two cross-sections,
Lξ(Σ2)− Lξ(Σ1) =
∫ Σ+2
Σ+1
FξdV . (5.1)
In a conformal frame in which I + is divergence-free, it was shown in [29] that there is
a local geometric expression for Fξ which is independent of the freedom (4.6) governing
the extension of ξµ off I +. The resulting flux is uniquely determined by (i) the choice
of ξµ on I + and (ii) the local conformal geometry near I +; and (iii) it is independent
of any choice of cross-section or other extraneous constructs.
In the g˜µ˜ν˜ conformal inertial frame described in Sec. 3, this flux is constructed
as follows. The transformation from the computational coordinates xµ(u, `, xA) to
inertial coordinates (u˜(u, xB), x˜A(u, xB)) on I + is first extended to coordinates
x˜µ = (u˜, ˜`, x˜A) in a neighborhood of I + where, as before,
˜`= ω(u, xA)` = Ω˜ . (5.2)
This transformation determines the metric in the extension of the inertial frame to a
neighborhood of I +,
g˜µ˜ν˜(u˜, ˜`, x˜A) = ω−2
∂x˜µ
∂xα
∂x˜ν
∂xβ
gˆαβ(u, `, xA) . (5.3)
In addition to (3.18) and (3.19), this implies
g˜u˜
˜`
(u˜, 0, x˜A) = 1 ,
g˜u˜u˜(u˜, 0, x˜A) = ω−2
∂u˜
∂xA
∂u˜
∂xB
gˆAB , (5.4)
g˜u˜A˜(u˜, 0, x˜A) = ω−2
∂u˜
∂xB
∂x˜A
∂xC
gˆBC .
The corresponding covariant components are
g˜u˜˜`(u˜, 0, x˜
A) = 1 ,
g˜ ˜``˜ (u˜, 0, x˜
A) = − g˜u˜u˜ +QA˜B˜ g˜u˜A˜g˜u˜B˜ , (5.5)
g˜˜`A˜(u˜, 0, x˜
A) = −QA˜B˜ g˜u˜B˜ .
Note that the x˜µ coordinates are not null coordinates. While the u˜ = const cross-
sections of I + are space-like, (5.4) implies in general that g˜u˜u˜ > 0 so that the
u˜ = const hypersurfaces in the neighborhood ofI + are asymptotically time-like. This
somewhat surprising feature stems from the requirement that the transformation from
computational coordinates to inertial coordinates is linear in `. The transformation
to the x˜µ inertial coordinates determines the essential geometric quantities associated
with the inertial frame metric g˜µ˜ν˜ , e.g. the associated covariant derivative ∇˜µ˜ and
curvature scalar R˜.
Restrictions on the ˜`-derivatives of the inertial metric at I + arise from (3.6),
∂˜`g˜u˜u˜|I+ = 0 ,
∂˜`g˜u˜˜`|I+ =
1
2
∂u˜g˜ ˜``˜ |I+ , (5.6)
∂˜`g˜u˜A˜|I+ = ∂u˜g˜A˜˜`|I+ .
In addition,
g˜u˜˜` =
∂u
∂u˜
ωe2β , (5.7)
so since (2.3) implies ∂˜`β|I+ = 0, we have
∂˜`g˜u˜˜`|I+ = ∂u˜g˜ ˜``˜ |I+ = 0 . (5.8)
The determinant condition (2.7), i.e. hAB∂`hAB|I+ = 0 implies{
QA˜B˜∂˜`g˜A˜B˜ + 2g˜
u˜A˜∂˜`g˜u˜A˜
}
|I+ = 0 , (5.9)
so that{
QA˜B˜∂˜`g˜A˜B˜ + 2g˜
u˜A˜∂u˜g˜˜`A˜
}
|I+ =
{
QA˜B˜∂˜`g˜A˜B˜ − 2QA˜B˜ g˜u˜A˜∂u˜g˜u˜B˜
}
|I+ = 0 . (5.10)
The corresponding contravariant components satisfy
∂˜`g˜
˜``˜ |I+ = 0 ,
∂˜`g˜
˜`A˜|I+ = ∂u˜g˜u˜A˜|I+ , (5.11)
∂˜`g˜
u˜˜`|I+ = 1
2
∂u˜g˜
u˜u˜|I+ = QA˜B˜gu˜A˜∂u˜g˜u˜B˜|I+ ,
QA˜B˜∂˜`g˜
A˜B˜|I+ = 0 .
In general, since ξµ˜ is tangent to I +, we can define a smooth scalar field
K = Ω˜−1ξµ˜∂µ˜Ω˜ and the asymptotic Killing equation (4.4) implies we can define a
smooth field X µ˜ν˜ according to
∇˜(µ˜ξν˜) = Kg˜µ˜ν˜ + Ω˜X µ˜ν˜ . (5.12)
We write X = X µ˜µ˜ . In the g˜µ˜ν˜ inertial frame,
K = ˜`−1ξ
˜`
, (5.13)
so that
K|I+ = ∂ξ
˜`
∂ ˜`
|I+ . (5.14)
Evaluation of (5.12) at I + gives, in addition to (4.1),
∂ξ
˜`
∂ ˜`
|I+ = ∂ξ
u˜
∂u˜
|I+ = 1
2
ξA˜
:A˜
|I+ ,
∂ξu˜
∂ ˜`
|I+ = {−g˜u˜A˜ ∂ξ
u˜
∂xA˜
+
1
2
ξu˜
∂g˜u˜u˜
∂u˜
+
1
2
ξA˜
∂g˜u˜u˜
∂xA˜
}|I+ , (5.15)
∂ξA˜
∂ ˜`
|I+ = {g˜A˜u˜∂ξ
u˜
∂u˜
− g˜u˜B˜ξA˜:B˜ + ξB˜gu˜A˜:B˜ + ξu˜
∂g˜u˜A˜
∂u˜
−QA˜B˜ ∂ξ
u˜
∂xB˜
}|I+ .
As shown in [29], it also follows that
X µ˜ν˜∂ν˜Ω˜|I+ = 0 , (5.16)
which results from a straightforward calculation using (3.19), (5.13) and (5.15). Thus
we can further define a smooth field X µ˜ according to
X µ˜ = Ω˜−1X µ˜ν˜∂ν˜Ω˜ . (5.17)
Let QA˜(x˜B) be a complex polarization dyad satisfying
Q(A˜Q¯B˜) = QA˜B˜ . (5.18)
We have
QA˜QB˜∂˜`g˜A˜B˜|I+ = −QA˜QB˜
{
∂˜`g˜
A˜B˜ − 2g˜u˜A˜∂u˜g˜u˜B˜
}
|I+ . (5.19)
The outgoing null vector normal to the (u˜ = const, ˜`= const) 2-surfaces is
Nα˜ = ∂α˜u˜− 1
2
g˜u˜u˜∂α˜ ˜` . (5.20)
The shear or asymptotic strain h on a constant inertial time cross-section of I + is
then given by
h =
1
2
QA˜QB˜∇˜A˜NB˜|I+ , (5.21)
so that
h =
1
4
QA˜QB˜
{
∂˜`g˜A˜B˜ − 2g˜˜`A˜:B˜
}
|I+ , (5.22)
=
1
4
QA˜QB˜
{
2g˜A˜u˜∂u˜g˜
B˜u˜ + 2g˜u˜A˜:B˜ − ∂˜`g˜A˜B˜
}
|I+ . (5.23)
Here,
∂˜`g˜
A˜B˜ = ω−2xA˜,C xB˜,D `,˜`∂`gˆCD = ω−3xA˜,C xB˜,D ∂`gˆCD . (5.24)
The strain h has gauge freedom corresponding to the supertranslation freedom
in the choice of slicing of I +. A gauge independent description of the radiation
waveform is given by the news function
N =
1
2
QA˜QB˜X
A˜B˜|I+ = ∂u˜h , (5.25)
where XA˜B˜ corresponds to the translation
ξα˜|I+ = ∇˜α˜ ˜`|I+ = (1, 0, 0, 0) , (5.26)
with
∂˜`ξ
α˜|I+ = ∂u˜(1
2
g˜u˜u˜, 0, g˜u˜A˜)|I+ . (5.27)
A short calculation gives
N =
1
4
QA˜QB˜∂u˜(2g˜
u˜A˜:B˜ + 2g˜u˜A˜∂u˜g˜
u˜B˜ − ∂˜`g˜A˜B˜) , (5.28)
in accordance with (5.23) and (5.25).
The absolute square of the news function determines the flux of energy and
momentum. The flux corresponding to a general asymptotic symmetry is given by [29]
Fξ = −∇˜µ˜∇˜ν˜X µ˜ν˜ + 3∇˜µ˜X µ˜ + 3
4
∇˜µ˜∇˜µ˜X + 1
24
R˜X . (5.29)
Note that Fξ is a scalar so that it could be evaluated in any coordinate system.
However, its physical properties are only manifest in the inertial x˜µ coordinates.
Since Fξ is independent of the freedom (4.6), it suffices to extend the BMS
generators to a neighborhood of I + with the linear ˜`-dependence
ξµ˜(u˜, ˜`, x˜A) = ξµ˜(u˜, 0, x˜A) + ˜`
∂ξµ˜
∂ ˜`
(u˜, 0, x˜A) , (5.30)
where the coefficients are determined by (4.1) and (5.15). This determines the
asymptotic Killing vectors in the neighborhood of I + for the purpose of computing
the flux in terms of (5.29).
It is also possible to compute the time derivative of the flux in terms of its relation
to the Weyl tensor [29],
F˙ξ := n˜
µ∂µFξ = −Ω−1C˜αβγδn˜βn˜δXαγ|I+ , (5.31)
where asymptotic flatness implies Cαβγδ = O(Ω). In inertial coordinates, in which
X α˜
˜`|I+ = 0, this reduces to
F˙ξ = ∂u˜Fξ = −∂˜`C˜A˜u˜B˜u˜XA˜B˜|I+ . (5.32)
By virtue of the trace-free property of the Weyl tensor this may be rewritten
∂u˜Fξ = −1
4
{∂˜`C˜A˜u˜B˜u˜QA˜QB˜X C˜D˜Q¯C˜Q¯D˜ + ∂˜`C˜A˜u˜B˜u˜Q¯A˜Q¯B˜X C˜D˜QC˜QD˜}|I+ , (5.33)
or
∂u˜Fξ = ΨX¯ + Ψ¯X , (5.34)
where X = 1
2
XA˜B˜QA˜QB˜|I+ and Ψ = −12∂˜`C˜A˜u˜B˜u˜QA˜QB˜|I+ . In Newman-Penrose
notation Ψ¯ is the asymptotic ψ04 component of the Weyl tensor.
A straightforward computation based upon (5.12) gives
X = 1
2
XA˜B˜QA˜QB˜|I+ ,
=
1
4
QA˜QB˜{2(∂˜`g˜A˜C˜)ξB˜ :C˜ − (∂˜`g˜A˜B˜):C˜ξC˜ −
3
2
(∂˜`g˜
A˜B˜)ξC˜ :C˜ + 2(∂˜`ξ
B˜):A˜
+ 2(∂˜`g˜
A˜˜`)∂˜`ξ
B˜ + 2g˜A˜u˜∂u˜∂˜`ξ
B˜ − (∂u˜∂˜`g˜A˜B˜)ξu˜}|I+ .
(5.35)
Here the ∂˜`ξA˜ derivative of the Killing field is supplied from (5.15). Using the
properties of ξα|I+ and ∂˜`g˜A˜˜`|I+ , this reduces to
X = 1
4
QA˜QB˜{(∂˜`g˜A˜B˜)ξC˜:D˜Q[CQ¯D] − (∂˜`g˜A˜B˜):C˜ξC˜
+ 2(∂˜`ξ
B˜):A˜ + ∂u˜(2g˜
A˜u˜∂˜`ξ
B˜ − ξu˜∂˜`g˜A˜B˜)}|I+ .
(5.36)
These expressions simplify for specific BMS symmetries.
For a supertranslation ξu˜ = α(x˜A), f A˜ = 0 and we have
∂ξA˜
∂ ˜`
|I+ = [α∂g˜
u˜A˜
∂u˜
− α:A˜]|I+ , (5.37)
with the result that
X = α∂u˜h− 1
2
QA˜QB˜α
:A˜B˜ . (5.38)
For the translations, for which α(x˜A) is an ` = 0 or ` = 1 spherical harmonic,
QA˜QB˜α:A˜B˜ = 0. Since ∂u˜h = N , we have
X = αN . (5.39)
For the rotations, α = 0 and f A˜ = A˜B˜Φ:B˜, where Φ is an ` = 1 harmonic
satisfying Φ:A˜:A˜ = −2Φ with A˜B˜ = iQ[A˜QB˜], A˜C˜B˜C˜ = δA˜B˜. As a result, f A˜:B˜ =
−ΦA˜B˜, and
∂˜`ξ
A˜|I+ = {−gu˜B˜f A˜:B˜ + f B˜gu˜A˜:B˜}|I+ . (5.40)
We define a strain tensor according to
hA˜B˜ =
1
4
{
− ∂˜`g˜A˜B˜ + 2g˜A˜u˜∂u˜g˜u˜B˜ + 2g˜u˜(A˜:B˜)
}
|I+ , (5.41)
so that QA˜QB˜h
AB = h. Then a straightforward calculation gives
X = − 2iΦh+QA˜QB˜hA˜B˜ :C˜f C˜
+ QA˜QB˜{f C˜gB˜u˜:C˜ :A˜ − f C˜gB˜u˜:A˜:C˜ + gA˜u˜f B˜}|I+ . (5.42)
But the second line vanishes due to the identity
VB:CA − VB:AC = QABVC −QBCVA , (5.43)
for the commutator of covariant derivatives with respect to the unit sphere metric
QAB. Thus, for a rotation,
X = −2iΦh+QA˜QB˜hA˜B˜ :C˜f C˜ . (5.44)
For the boosts, α = 0, f A˜ = Γ:A˜, where Γ:A˜B˜ = −ΓQA˜B˜, Γ:A˜:A˜ = −2Γ, ξu˜ = −uΓ
and
∂˜`ξ
A˜|I+ = {−u˜Γ∂u˜gu˜A˜ + Γ:B˜gu˜A˜:B˜ + u˜Γ:A˜}|I+ . (5.45)
Then by the analogous calculation leading to (5.44)
X = −Γ∂u˜(u˜h) +QA˜QB˜hA˜B˜ :C˜Γ:C˜ . (5.46)
6. Results
Our results are based upon the same generic precessing binary black hole run taken
from Taylor et al. [45], which was also used in [21] to calibrate the SpEC characteristic
code and in [22] to compare waveform extraction using the SpEC and Pitt null
codes using the gauge invariant version of the of the news function computed in
computational coordinates. The physical parameters are mass ratio q = 3, black hole
dimensionless spins χ1 = (0.7, 0, 0.7)/
√
2 and χ2 = (−0.3, 0, 0.3)/
√
2, number of orbits
26, total time T = 7509M , initial eccentricity 10−3, initial frequency ωini = 0.032/M
and extraction radius R = 100M , where M is the total mass of the black holes.
Extraction was carried out at the three different resolutions elaborated in Table 1
to assess convergence.
Run Low Med High
Nr 10 12 14
L 12 14 17
∆t/M 1.0 0.666 . . . 0.5
Table 1: Resolution parameters used for code convergence comparisons, with time steps
∆t. Nr represents the radial grid sizes. The SpEC code has 2L
2 total angular grid points.
6.1. Verification of strain, news, and radiative Weyl component Ψ
Here we show that the news function computed using the inertial coordinate algorithm
(inertial news) agrees with the gauge independent news (gauge-free news) computed
in [22] using the computational coordinates. We also show that strain and and
Ψ (corresponding to the Newman-Penrose component ψ¯04) are consistent with the
computation of the news function.
Comparison of the relative error Erel between dataset A and dataset B is
computed according to
Erel = log10
( |A−B|
|B|
)
, (6.1)
where in the convergence tests B is the highest resolution dataset. For the strain,
news function and radiative Weyl component Ψ, the real parts of the (`,m) = (2, 2)
spherical harmonic modes are compared.
Spatial convergence is at an exponential rate expected of a spectral code, while
time convergence is 4th order. The convergence test shows which error source
dominates the simulation. Given an increase in resolution by some constant factor,
spectral convergence results in reducing the error by a constant factor on a log
scale. In contrast, high-order polynomial convergence such as E ∝ ∆t4 will yield
logarithmic convergence on a log scale under the same increase in resolution. For
these simulations, 4th order time convergent error dominates over the spatial spectral
error.
In Fig. 3, we computed the news function in two different ways at the three
different resolutions outlined in Table 1, for a total of six datasets. The inertial
news (computed directly in the inertial coordinate system) is compared with the
high resolution results for the gauge-free news (computed first in the computational
coordinates, as in [22]). Both versions of the news agree and display 4th order
convergence.
Similarly, we computed the error in the strain by comparing adjacent resolutions.
The strain remains convergent over the entire run, as shown in Fig. 4. With only
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Figure 3: 4th order convergence of the news function computed two different ways. Solid
lines are the error in the new, inertial coordinates computation. Dashed lines are error
in the gauge-free news computed in computational coordinates. Here, error is computed
with reference to the highest resolution grid, showing both self convergence and agreement
between the two methods.
a 20% increase in resolution, the error in the medium resolution run decreases by
85%, consistent with the underlying spatial spectral method and the 4th order time
integrator.
The higher time derivatives in Ψ make it more sensitive to the numerical noise
produced by the junk radiation in the initial phase of the run. After this initial
period, the error in Ψ displays the same rate of convergence as the news and strain,
as shown in Fig. 5.
Finally, we verify the inertial frame relationships Ψ = N,u˜ = h,u˜u˜. Computed in
the highest resolution inertial domain, these quantities agree, as shown in Fig. 6.
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Figure 4: Here, we compare error in the low and medium resolution calculations of the strain
computed in the inertial coordinates (inertial strain) by comparing them to the medium and
high resolution runs, respectively. Comparison between the errors in the medium and low
resolution runs is consistent with the 4th order convergence arising from the time integrator.
6.2. Flux
In the inertial frame at I +, the asymptotic Killing vectors which generate the BMS
group have the form (4.1), i.e.
ξρ˜∂ρ˜|I+ =
(
α(x˜A) +
1
2
u˜f A˜
:A˜
)
∂u˜ + f
A˜∂A˜ , (6.2)
where f A˜(x˜B) is a conformal killing vector for the unit sphere metric. Here we consider
the fluxes corresponding to the BMS generators for the time translation Tu, the three
spatial translations (Tx, Ty, Tz), the three rotations (Rx, Ry, Rz), and the three boosts
(Bx, By, Bz), with respect to the corresponding axes of the asymptotic inertial frame,
as well as a sample supertranslation (ST), totaling 11 asymptotic symmetries.
We compute the energy flux by calculating the absolute square |N |2 of the news
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Figure 5: The errors in the inertial coordinate computation of Ψ for low and medium
resolution runs are compared with the medium and high resolution runs, respectively. The
results confirm 4th order convergence following the initial phase of junk radiation.
function. For the remaining flux calculations, we first use (5.34) to compute the flux
rate of change and then carry out a retarded inertial time integral. As a result, the
numerical noise in Ψ during the initial phase of junk radiation (see Fig. 5) introduces
some non-convergent error. Consequently, although the plots of the time dependence
of the fluxes show good agreement for the three resolutions, convergence of the error
is not as clean as for the energy flux computed directly from the news function.
Therefore, for the purpose of convergence studies, we concentrate on the error in the
retarded time derivative of the flux, although both rates of convergence are shown for
completeness.
In all cases, we plot the waveform and convergence of the strongest mode.
Part (a) of each plot is a spherical representation of the functional form of the
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Figure 6: Comparison of Ψ = N,u˜ = h,u˜u˜ (real and imaginary parts). Following the initial
phase of junk radiation, the data overlap completely, hiding Ψ and N,u˜ behind h,u˜u˜.
corresponding BMS generator. Spatial components are shown with vector arrows,
while the time component is demarcated with a color gradient.
6.2.1. Energy and momentum flux The time translation is described by the BMS
generator ξα[Tu] with components αTu = 1, f
A = 0, corresponding to an ` = 0 spherical
harmonic. Figure 7 shows the form of the generator (7a), its associated flux (7b), the
flux convergence (7c) and the stronger convergence of the inertial time derivative of
the flux (7d).
The three momentum fluxes are derived from the three spatial translations,
described by the BMS generators ξα[Tx], ξ
α
[Ty] and ξ
α
[Tz], with f
A = 0 and α constructed
from l = 1 spherical harmonics,
α[Tx] = sin θ˜ cos φ˜ , α[Ty] = sin θ˜ sin φ˜ , α[Tz] = cos θ˜ , (6.3)
(a)
0 1 2 3 4 5 6
0.0
0.5
1.0
1.5
2.0
2.5
3.0
Φ
Θ
(b)
0 50 100 150 200 250 300 350 400
-0.002
0.000
0.002
0.004
t/M
R
e
(F
2
2
)
Inertial Tu Low
Inertial Tu Med
Inertial Tu High
(c)
0 100 200 300 400
-3
-2
-1
0
1
t/M
L
o
g
1
0
|Δ
F
2
2
/F
2
2
|
Inertial Tu Low
Inertial Tu Med
(d)
0 100 200 300 400
-3
-2
-1
0
1
t/M
L
o
g
1
0
|Δ
∂ u_
F
2
2
/∂
u_
F
2
2
|
Inertial ∂u_Tu Low
Inertial ∂u_Tu Med
Figure 7: (7a) The u˜ component of ξTu = 1 is uniform everywhere on the sphere and has
no angular component. (7b) The (` = 2,m = 2) spherical harmonic component of the flux,
FTu = |N |2. (7c) Convergence of the flux is partially compromised by junk radiation, while
the inertial time derivative of the flux (7d) shows the appropriate 4th order convergence
following the junk phase.
corresponding to the axes of the asymptotic inertial frame. The corresponding
momentum fluxes FTx, FTy and FTz can also be obtained directly from the energy
flux by weighting it with the corresponding ` = 1 harmonics,
FTx = sin θ˜ cos φ˜|N |2, FTy = sin θ˜ sin φ˜|N |2, FTz = cos θ˜|N |2, (6.4)
in which case the clean 4th order convergence obtained for the energy flux |N |2 would
also result following the initial period of junk radiation.
Alternatively, these momentum fluxes can be obtained by a retarded time
integral, e.g. FTz =
∫
F˙Tzdu. However, although the strain and energy flux both
have dominant components in the (` = 2,m = 2) mode, the nonlinear effect of
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Figure 8: (8a) The u˜ component of ξTz shifts from pole to pole, illustrating a translation
in the z-direction. (8b) The (` = 3,m = 2) spherical harmonic component of the flux. (8c)
Convergence of the flux is partially compromised by junk radiation, while the inertial time
derivative of the flux (8d) shows the appropriate 4th order convergence following the junk
phase.
multiplication by an ` = 1 harmonic shifts the momentum fluxes into other modes.
For this reason, we plot the (` = 3,m = 2) mode.
The z-component of momentum flux FTz obtained this way is shown in Fig. 8b.
Convergence of the flux is shown in Fig. 8c and its inertial time derivative in Fig. 8d.
The (` = 3,m = 3) mode of the x-component of the momentum flux FTxis shown
in Fig. 9b. Convergence of the flux is shown in Fig. 9c and its inertial time derivative
in Fig. 9d.
Similarly, the (` = 3,m = 3) mode of the y-component of the momentum flux
FTy is shown in Fig. 10b. Convergence of the flux is shown in Fig. 10c and its inertial
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Figure 9: (9a) The u˜ component of ξTx shifts with φ, showing a translation in the x
(φ = 0) direction. (9b) The (` = 3,m = 3) spherical harmonic component of the flux. (9c)
Convergence of the flux is partially compromised by junk radiation, while the inertial time
derivative of the flux (9d) shows the appropriate 4th order convergence following the junk
phase.
time derivative in Fig. 10d.
6.2.2. Rotations The three spatial rotations with respect to the inertial axes are
described by the BMS generators ξα[Rx], ξ
α
[Ry] and ξ
α
[Rz] with α = 0 and f
A˜ = A˜B˜Φ:B˜,
where Φ is constructed from ` = 1 spherical harmonics. A rotation Rz about the z-
axis corresponds to the spherical harmonic Φ = cos θ˜, so that f A˜ = (0, 1). Most of the
motion of the orbiting black holes is about this axis, so we expect to see a greater flux
of the corresponding z-component of angular momentum FRz. The (` = 2,m = 2)
mode of the z component of the angular momentum flux FRz is shown in Fig. 11b.
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Figure 10: (10a) The u˜ component of ξTy shifts with φ, showing a translation in the y
(φ = pi/2) direction. (10b) The (` = 3,m = 3) spherical harmonic component of the flux.
(10c) Convergence of the flux is partially compromised by junk radiation, while the inertial
time derivative of the flux (10d) shows the appropriate 4th order convergence following the
junk phase.
Convergence of the flux is shown in Fig. 11c and its inertial time derivative in Fig. 11d.
A rotation Rx about the x-axis corresponds to the spherical harmonic Φ =
sin θ˜ cos φ˜ so that f A˜ = (− sin φ˜,− cot θ˜ cos φ˜). Similarly, a rotation Ry about
the y-axis corresponds to the spherical harmonic Φ = sin θ˜ sin φ˜ so that f A˜ =
(cos φ˜,− cot θ˜ sin φ˜).
The (` = 2,m = 1) modes of the x and y-components of the angular momentum
flux, FRx and FRy, are shown in Fig. 12b and Fig. 13b, respectively. Convergence of
these fluxes is shown in Fig. 12c and Fig. 13c; and convergence of their inertial time
derivative in Fig. 12d and Fig. 13d.
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Figure 11: (11a) Vectors illustrate the nature of ξRz, a rotation about z. (11b) The
(` = 2,m = 2) spherical harmonic component of the flux. (11c) Convergence of the flux is
partially compromised by junk radiation, while the inertial time derivative of the flux (11d)
shows the appropriate 4th order convergence following the junk phase.
6.2.3. Boosts In addition to the rotations, the other transformations of the Lorentz
group are the three boosts with BMS generators ξα[Bx], ξ
α
[By] and ξ
α
[Bz] for which f
A˜
:A˜
6= 0.
For these boost generators, α = 0, f A˜ = Γ:A˜, where Γ consists of ` = 1 spherical
harmonics, so that Γ:A˜:A˜ = −2Γ and ξu˜ = −uΓ. As a result, the boosts acquire a
ξu˜ component with linear dependence on u˜, as well as ` = 1 angular dependence.
The corresponding physical quantities describe the dipole moment of the system
corresponding to the center-of-mass integrals in Lorentz covariant theories.
For a boost Bz in the inertial z-direction, Γ = cos θ˜ so that f
A˜ = (− sin θ˜, 0) and
ξu˜[Bz] = −u˜ cos θ˜. The (` = 3,m = 0) mode of the z-component of the boost flux FBz
is shown in Fig. 14b. Convergence of the flux is shown in Fig. 14c and its inertial
(a)
0 1 2 3 4 5 6
0.0
0.5
1.0
1.5
2.0
2.5
3.0
Φ
Θ
(b)
0 50 100 150 200 250 300 350 400
-0.2
-0.1
0.0
0.1
0.2
0.3
t/M
R
e
(F
2
1
)
Inertial Rx Low
Inertial Rx Med
Inertial Rx High
(c)
0 100 200 300 400
-3
-2
-1
0
1
t/M
L
o
g
1
0
|Δ
F
2
1
/F
2
1
|
Inertial Rx Low
Inertial Rx Med
(d)
0 100 200 300 400
-3
-2
-1
0
1
t/M
L
o
g
1
0
|Δ
∂ u_
F
2
1
/∂
u_
F
2
1
|
Inertial ∂u_Rx Low
Inertial ∂u_Rx Med
Figure 12: (12a) Vectors illustrate the nature of ξRx, a rotation about the x-axis (φ = 0).
(12b) The (` = 2,m = 1) spherical harmonic component of the flux. (12c) Convergence of
the flux is partially compromised by junk radiation, while the inertial time derivative of the
flux (12d) shows the appropriate 4th order convergence following the junk phase.
time derivative in Fig. 14d.
For a boost Bx in the inertial x-direction, Γ = sin θ˜ cos φ˜ so that f
A˜ =
(cos θ˜ cos φ˜,− csc θ˜ sin φ˜). Similarly, for a boost By in the inertial y-direction, Γ =
sin θ˜ sin φ˜ so that f A˜ = (cos θ˜ sin φ˜, csc θ˜ cos φ˜). The (` = 3,m = 3) mode of the x
and y-components of the boost flux, FBx and FBy, is shown in Fig. 15b and Fig. 16b,
respectively. Convergence of these fluxes is shown in Fig. 15c and Fig. 16c; and
convergence of their inertial time derivative in Fig. 15d and Fig. 16d.
6.2.4. Supertranslations The BMS supertranslation generators ξα˜[ST ] are described
by f A˜ = 0, with α(x˜B) constructed from spherical harmonics with l > 1. This
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Figure 13: (13a) Vectors illustrate the nature of ξRy, a rotation about y (φ = pi/2). (13b)
The (` = 2,m = 1) spherical harmonic component of the flux. (13c) Convergence of the
flux is partially compromised by junk radiation, while the inertial time derivative of the
flux (13d) shows the appropriate 4th order convergence following the junk phase.
leads to an infinite set of transformations, which extend well beyond the limit of
code resolution. Here we concentrate on the supertranslation corresponding to a |Y22|
spherical harmonic, αST = sin
2 θ˜ cos 2φ˜.
The (` = 2,m = 2) mode of the |Y22|-derived supertranslation flux FST is shown
in Fig. 17b. Convergence of the flux is shown in Fig. 17c and its inertial time derivative
in Fig. 17d.
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Figure 14: (14a) Vectors illustrate the nature of ξA˜Bz, while colors illustrate the gradient of
ξu˜Bz, illustrating a Lorentz boost Bz in the z-direction. (14b) The (` = 3,m = 0) spherical
harmonic component of the flux. (14c) Convergence of the flux is partially compromised
by junk radiation, while the inertial time derivative of the flux (14d) shows the appropriate
4th order convergence following the junk phase.
7. Conclusion
In the context of Cauchy-characteristic evolution, we have developed the
mathematical formalism for computing the gravitational radiation fluxes to I +
of energy-momentum, angular-momentum-dipole-moment and supermomentum,
associated with the asymptotic symmetries of the BMS group. We have implemented
this algorithm as part of the Spectral Einstein Code (SpEC). The resulting code
supplies a uniform computation of the radiation strain, news function, Newman-
Penrose radiative ψ04 curvature component and BMS fluxes in terms of inertial
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Figure 15: (15a) Vectors illustrate the nature of ξA˜Bx, while colors illustrate the gradient
of ξu˜Bx, illustrating a boost in the x (φ = 0) direction. (15b) The (` = 3,m = 3) spherical
harmonic component of the flux. (15c) Convergence of the flux is partially compromised
by junk radiation, while the inertial time derivative of the flux (15d) shows the appropriate
4th order convergence following the junk phase.
coordinates atI +. It is a stable, convergent, and highly efficient code for determining
all the physical attributes of the gravitational radiation field.
Convergence tests were carried out based upon the simulation of a generic
precessing binary black hole. These tests showed that the numerical accuracy was
limited by the 4th order time integrator, as opposed to the exponential convergence
rate expected of the spatial spectral code. The main source of error arose from the
artificial junk radiation introduced by the binary black hole initial data.
The accuracy for radiation strain, news function N and ψ04 were comparable to
computations using a prior version of the SpEC characteristic code. The same was
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Figure 16: (16a) Vectors illustrate the nature of ξA˜By, while colors illustrate the gradient
of ξu˜By, illustrating a boost in the y (φ = pi/2) direction. (16b) The (` = 3,m = 3) spherical
harmonic component of the flux. (16c) Convergence of the flux is partially compromised
by junk radiation, while the inertial time derivative of the flux (16d) shows the appropriate
4th order convergence following the junk phase.
also found for the computation of energy-momentum flux, which is determined by the
` = 0 and ` = 1 components of |N |2.
The computation of the angular momentum and supermomentum fluxes is more
complicated than the energy-momentum flux. In addition, there are ambiguities
in their underlying construction, which we base here upon the linkage integrals.
However, these ambiguities are not as serious in the case of the retarded time
derivatives of the linkage flux F˙ξ, which only depend upon a product of ψ
0
4 with
the choice of BMS generator, according to (5.34). An idealized strategy for studying,
say, angular momentum would be to base its initial value either on the Wald-Zoupas
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Figure 17: (17a) A color gradient illustrates the nature of ξu˜ST , a |Y22| supertranslation.
(17b) The (` = 2,m = 2) spherical harmonic component of the flux. (17c) Convergence of
the flux is partially compromised by junk radiation, while the inertial time derivative of the
flux (17d) shows the appropriate 4th order convergence following the junk phase.
Hamiltonian approach [34] in the infinite past retarded time u → −∞ or on its
unambiguous definition at spatial infinity, where the initial flux should vanish. The
dynamical properties of angular momentum can then be studied by retarded time
integrals of F˙ξ. However, in practice this strategy would require binary black hole
data devoid of junk radiation, which is not true at least for the generic precessing
system simulated here. Following the the initial phase of junk radiation, tests of F˙ξ
showed clear 4th order convergence. However, the high derivatives involved in the
calculation of F˙ξ magnify the effect of the junk radiation.
These considerations add to other important reasons to develop methods for
obtaining binary black hole data which suppress junk radiation. In particular, this
would allow application of our code to study the interesting question of how a
supertranslation shift between the preferred Poincare´ groups at u = ±∞ might affect
angular momentum loss.
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